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1. INTRODUCTION 
101. General 
A brief review of the literature (8,16,22,34) will reveal 
that the analysis of wave motions in layered solid media presents 
formidable analytic difficulties 0 These difficulties are magnified if 
the material behavior is nonlinear or inelastic 0 In particular any 
analytic solution of elastic-plastic wave motions is faced with having 
to consider the following~ 
(a) moving elastic-plastic boundaries whose positions at a 
given time are not known beforehand, and 
(b) unloading.waves that may be generated, giving rise to 
amoving interface between the unloading and plastic regions of the 
material a 
In the consideration of wave propagation involving ,inelastic 
material, numerica.l methods of analysis are often the only feasible 
way to obtain solutions in a form that can be used for engineering 
purposes 0 ,Even then, approximations and idealizations of the real 
problem qre invariably necessary. 
1.2. Object and Scope 
The objective of this study is to dev~lop a numerical 
technique for determining wave motions in anaxi-symmetric layered 
elastic-plastic half-space. A layered half-space will be assumed to 
consist of two or more horizontal layers and each layer is homogeneous 
2 
and isotropic. Initially) the material of any layer follows Hooke's 
law until yielding occurs. The initiation of yielding is determined 
by von Mises' yield criterion. In the post-elastic region) the material 
is assumed to follow the Prandtl-Reuss plastic stress-strain relation-
ships. Unloading from the plastic state is initiated when the rate of 
distortional work is negative; in this region the stress-strain rate 
relations are assumed to be described by the time-rate form of Hookeis 
law. 
A mathematically consistent lumped-parameter model developed 
by Ang (1)2,3)4)5) is used in this study to simUlate a continuous 
medium; effectively this replaces the medium with a finite number of 
discrete points called mass points and stress points. The.inertial and 
stress points) respectively) and can be derived directly. through the 
model on the basis of fundamental principles of mechanics. The result-
ing e~uationsof the model are shown to be central-finite differencef 
analogues of the corresponding continuum equations. 
The resultinge~uations of motion are integrated numerically 
by a non-iterative scheme for which a .stability criterion .is arl'aly,zed.;' 
A special boundary. developedbyAng . (paper in preparation) is used in 
this study to avoid reflections of incident waves from the terminating 
edges of the half-space. The iiiscontinuities at the interfaces between 
layers give rise to small irregularities that may grow with time; this 
type of instability, does not appear to be.affectedby the refinements 
of the space and time meshes) and an artificial dissip~tive mechanism 
was developed to suppress this. 
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Several examples of practical significance are investigated 
to demonstrate the applicability of the numerical techni~ue~ 
(a) free field .ground motions induced by a surface nuclear 
burst in a layered solid medium. 
(b) Stresses and displacements induced in a layered half-
space by a vibrating circular foundation 0 
In the absence of rigorous analytic solutions of the problems 
considered in this study for the purpose of comparison) an investigation 
to illustrate the convergence of the numerical solution by successively 
,reducing the space and time meshes is necessary. Such an investigation 
is provided in this study. 
The numerical calculations of the results presented are 
... _.- ..... -- ...-- ..... .p @rf.ormed--on ... an....IBM~-7:09li---'-'-d.i gita.l_.cQmplJt.eJ:....Qys.tJ;::.ID. ... ___ .... _.__.._ .. __ .... ____ .... __ ._ .......... __ _ 
1030 Brief Review of Literature on'Wave'Propagation 
If the deformable body is subjected to a change in stress dis-
tribution,as a result of the application of adynamic load) these 
changes are propagated throughout the body as stress waves. Imring 
the transient phase the stress at a point is determined by the arrival 
of the stress waves. The evaluation of the stresses during this 
transient period generally contains manY,analytic difficultieso 
Interest in stress. wave propagation is not of· recent origino 
The problem was an object of intensive study by sever~l classical elasti-
cians, such as Poisson (1827)) Stokes (1848), Rayleigh (1887), Kelvin 
(1904) and others, as an extension of the theory of elasticity to the 
problem of vibratingbod1ieso 
4 
In the case of an isotropic medium, Poisson and Ostrogrdsky 
(1831), adopted methods which involve a synthesis of simple harmonic 
components) and obtained a solution expressing the displacement at any 
time in terms of the initial distribution of displacement and velocity 
.(24) 0 
The investigation was afterwards conducted in a different 
fashion by Stokes who showed that Poissonis two waves are actually 
waves that are purely dilatational (no rotation) and waves of equivo-
luminal distortion) the latter involving purely rotation of the 
elements of the medium. 
Daniel Bernoulli (1741) was the first ,to develop the mathe-
matical theory of the vibration of a column of air, and both the bar 
and air column theories in their classical form led to a one-dimensional 
wave equation 0 The classical wave equation neglects the effect of 
lateral motion and holds only for disturbances whose wave-lengths are 
large compared to the lateral dllilension of the rod. 
Pochhammer (1876) and Chree (1889) independently obtained an 
exact solution to the problem of elastic wave propagation.in a circular 
cylinder (13,24). However, the complexity of the Pochham..rner solution 
reveals the difficulty of attempting to employ general equations of 
elasticity in attacking problems of vibrations of short bars or high 
frequencies in long bars. Therefore many investigators felt the need 
for an intermediate theory which contains the essential physics of 
short wave phenomena but retains the one-dimensional simplicity of the 
classical approximation. 
5 
Green (20), gave a comprehensive review of the abovementioned 
solutions and all the approximate methods that have been published. 
These approximate methods can be divided into two groups. -The first 
introduces the approximations in the e~uations of motion; among those 
who belong to this school of thought are Rayleigh (41), Love (24), 
Prescott (39), Mindlin and Herrmann (29) and others. The second group 
of approximate methods apply the eJ:Cact solutions of the e~uations of 
motion and satisfy only approximately the boundary conditions. There 
1;j) 
are only three investigations in this group due to Chree, Morse and 
Lynch and Green. This second method of approach, however, proved to 
be inferior to the results obt~~ned by the first group. Furthermore, 
among the appro~imate methods of the first group, that of Mindlin and 
Herrmann (29) is considered the most effective as it takes into con-
sideration the effects of lateral inertia and shear .. Miklowitz (26,27, 
28) obtained numerical and experimental results of the Mindlin-Herrmann 
-solution and presented comprehensive information on the propagation and 
dispersion of compressional' elastic waves in semi-infinite rods. 
Rainer and Ang "~ 40) studied I.;the problem of semi-infinite elastic dis-
persive circular rods numerically using a lumped-parameter model 
idealization and obtained results that agreed with those of Miklowitz 
(27,28). 
wring the Second WorldWa:r;'Rakhmatulin Gind Taylor were among 
the first to investigate the problem of elastic.-plastic stress wave 
_ propagation in long bars. In these early investigations the effect of 
la teral inertia and shear were ignored. Moreover;· it was as surned that 
the properties of the material are the same under dynamic loading as 
6 
under static loading, i.~., the ma'terial properties are independent of 
strain rate. Malvern (25) modified the above assumption by introducing 
the effect of strain-rate, but his results proved to be only slightly 
better than those of the earlier works. Plass (37) introduced an 
approximate mathematical theory similar to that of Mindlin and Herrmann, 
and also considered strain-rate dependence of the material. The 
resulting e~uations of motion were integrated by means of the method of 
characteristics. Clifton and Bodner (10) determined theoretically, the 
essential features of elastic-plastic pulse propagation in a long 
uniform circular rod subjected to a high-intensity pressure pulse -of 
short duration. Their analysis is based on a one-dimensional strain-
rate independent theory of plastic wave propagation ,for smooth stress-
strain curves concave toward the strain axis. The authors also showed 
that the predicted behavior atalong distance from the point of impact 
agrees quali ta ti vely .. with experimental results. Finally, Ripperger (43) 
in his experimental studies of plastic, wave propagation in cylindrical 
bars concluded that for small values of strains, the strain rate 
dependent theory, cannot predict strains within the first two diameters 
fr~m the impact end with sufficient accuracy, and the strain-~ate 
independent theory appears to be suitable only for predicting strains 
at distances greater than five diameters. 
Meanwhile, research in the area of wave propagation in 
unbounded elas·tic-plastic media has been active. Reference (34) gives 
an extensive bibliography on the recent investigations of wave propaga-
tion in elastic,-plastic media. The trend of these investigations may be 
summarized as follows: 
7 
(a) influence of strain-rate and relaxation phenomena on 
the propagation of elastic plastic waves, 
(b) non-homogeneity of the medium, 
(c) detailed qualitative analysis of the shock waves) 
Cd) approximation of the medium by means of models and 
establishing basic solutions for such models, 
.(e) reflections of the loading and unloading waves from 
free, rigid, and deformable edges, 
(f) propagation of non-plane, elastic-plastic wave for 
multi-dimensional states of stress. 
Wave propagation in layered media has also received con-
siderable attention especially in the field of seismology,although 
most work has been limited to elastic waves. In most cases theo-
retical investigations of elastic .wave propagation in layered half-
spaces reCluire the evaluation of solutions to integral equations} 
which invariably present formidable difficulties. A comprehensive list 
of references on the subject can be found in Ew~ng, Jardetzky and 
Press (16), and Brekhoviskikh (8}. 
1.4. ,Nomenclature 
,Each symbol is explained when it first appears in the text. 
The most important symbols which appear in more than one place may be 
pr'esented for convenience of reference a 
A a sCluare matrix describing ,the Prandtl~Reuss stress-
strain rates relationshipj cr = A a E 
c 
s 
c 
E p,<l,r 
e 
e ,ee' e r z 
~2 
K 
k 
o 
m 
, p(t,r) 
s 
s ,se's r· z 
T 
8 
dilatational wave velocity in elastic media 
shear wave velocity in elastic media 
wave velocity in general 
Young's modulus of medium 
strain tensor at a point in the medium, Et = 
mean strain tensor 
deviator strain tensor 
error at a mesh point of radius r = p • 6.1r) depth 
Z = q . 6"z and time t = s . 6t 
mean normal strain, e = ! (€ + € + € ) 3 r e z 
deviatoric strains, e = € - e 
r r 
second invariant of the stress deviation 
bulk modulus of a medium, 'K = 3(1~2V) 
yield limit in simple shear, k = cr. / ~3 
o y 
ra~io of the vertical mesh lengths of layers B and A, 
directly'induced surface vertical pressure 
pseudo-viscous radial stress 
pseudo-viscous vertical stress 
radius at a point (i,j) 
,'mean normal stress, s = % (C.Te + C.Te + C.Tz ) 
deviatoric stresses, s = a - s 
r r ' 
stress tensor at a point in the medium, T = T + T' 
m d 
u,u,u 
w 
w,w,w 
r 
Irz'/rz 
6t 
6t ,6t' 
s s 
E ,E: 
z z 
9 
deviator stress tensor 
mean stress tensor 
rise time of a e 
displacement, velocity and acceleration in the 
radial direction 
rate of distortional work per unit volume 
displacement, velocity and acceleration in the 
vertical direction 
a parameter of' the t3-integration method 
a dimensionless viscosity coef.ficiento Its value 
ranges from 0015 - 0.60, l' = (r . Cd) 
shearing strain, shearing strain rate in r - zplane 
a tolerance limit for evaluating the yield criterion 
at a point, 32 - k
2 
= + 5k2 
o 0 
radial length of space mesh 
time increment of integration 
dilatation transit times 6td = 
shear.'transit times 6t 
s 
= 
c 
s 
vertical length of space mesh 
strain, strain· rate in the radial 
6t' 6r d Cd 
6r 
c 
s 
direction 
strain, strain. rate in the tangential direction 
strain, strain rate in the vertical direction 
. Lame Y s elastic constants 
r-.. _ VE _ E 
- (l+Y) (1-2V) , fl - -2(...-1+-Y ....... ) 
v 
p 
cp}iJr 
10 
deviation from the yield surface} J - k2 2 0 
_ Poisson 1 s ratio of a medium 
mass density of a medium 
yield stress of an elastic perfectly plastic material 
stress} stress rate in the radial direction 
stress} stress rate in the tangential direction 
stress, stress rate in the vertical direction 
shearing stress, shearing stress rate in the r-z plane 
displacement potentials, cP and'lr are solutions of the 
equations, 
~(P = 
11 
20 THE MATHEMATICAL MODEL 
2.1. - Wave Motions in Axi~Symmetric Layered Media 
The propagation of stress waves through elastic layered 
media maybe considered as a problem in the elastic theory of wave 
motions in homogeneous isotropic mediao Within each layer the material 
can be considered as homogeneous and isotropic, in which the inter-
fqcebetween any two layers is considered as a boundary. 
Considering axial symmetry, the dynamical equilibrium of 
an infinitesimal element in cylindrical polar coordinates, see Fig. 1, 
leads to the following equations of motion .( 11, 16,22,35) : 
00' OT crr - O'e 02u r rz 
+ 
--oz + p dr r 
ot2 
d'T..,.'7 dO' 
(2.1) 
'T 02"\v 
.J.. LJ 
dZ Z + 
rz 
~+ = p 
ot2 r 
where p is the mass density of the material of a given layer, a and 'T 
are stress components at a point in the medium, and u and ware dis-
placement components of the same point in the radial and vertical 
directions, respectivelyo 
For elastic media, Hooke1s law. describes the stress-strain 
relationships; in the present case, these are as follows: 
ar 
(/\ + 2fl)E + 
r /\(Ee + E ) z 
az (/\ + 2fl)E + /\(E + Ee) z r (2.2) 
ae (/\ + 2f..L ) E e +, i\(E + r E ) z 
'T = f..L/rz rz 
12 
where E , E
e
, E and f are the nontrivial strain components, while 
r z rz 
A and I-l. are the Lamels constants. In the small displacement theory, 
the above strains are related to the displacements as follows: 
dU 
E 
=d"T r 
u 
Ee r 
d'w 
(2.3) 
E 
=dz z 
du dW 
f rz =dz+cr 
Within any given layer, using Eqs. (2.2) and (2.3) in 
Eq. (2.1), the equations of motion in terms of the displacements become: 
and, 
(f-. + 2f.l) ~o2u 1 du o2wJ _ H. ~u drdZ + -dz+ dz r z dz 2 r 
Equation (2.4) is satisfied (16), if: 
dCP d 21jJ 
u=dr+drdZ , and w 
dCP 
=dz+ 
ow] ~2u dr - I-l. drdZ 
d dl(r ~(-rd"T) 
_ o2w1 
. 2 
dr 
(2.4 ) 
~ 
where cp and l(r are displacement potentials and are solutions of the 
following wave equations: 
2 
and \l l(r (2.6) 
. '~'.\ 
13 
Cd = ~" ; 
C s = ff 
2~ I (Dilatational wave velocity) 
(2.7) 
(Shear wave velocit~ 
Consider the problem of a disturbance originating from a 
point source situated at the point r = 0, z = h in an axi-symrnetric 
.. layered half-space. The displacement potentials for any given layer 
may be expressed as follows: 
where, 
(XI (XI 
cP = ~ QJ (kr)e-:(z-h)dk + J Q'J (kr)ev(z-h)dk + ~ a o 0 0 
00 00 
* J SJ (kr)e-v ' (z-h)dk + J . S' J (h)e v' (~-h)dk+ to 0 o . 0 0 
J (kr) is Bessel function of order zero. 
o 
k 
c 
s 
w 
c 
s 
w being the angular frequency· of th~ disturbance; Q, Q', S and Sf are 
coefficients to be determined from the boundary conditions. For the 
bottom layer Q' = S' = 0. cP and * are the contributions of the· o 0 . 
point source; if the source.is not located in this given layer, 
CPo = *0 = 0. For a point sourCe of compressional waves, 
14 
I!r = 0 . 
o 
while for a point sou'rce of shear waves 
m = 0 
"Yo 
At the instant a wave reaches, any kind of boundary, reflection 
or refraction or both can occur which gives rise to new conditions that 
will affect the form of the solution. The theory of reflection and 
refraction of spherical waves is developed by Brekbovis,kikh (8). The 
main difficulty of the problem of reflection and' refraction of a 
spherical wave at a plane interface is due to the difference between the 
geometries of the wave and that of the boundary., Bre~~oviskikh solved 
this problem by expanding the spherical wave into plane waves. 
Moreover, he observed that if the radius of curvature ~f the spheric~l 
wave front is large comPB:red to the 'wavelength, the spherica.l wave can 
be considered as plane over a limited portion of ~he wave front. 
Coefficients of reflection of plane waves at a free boundary and 
coefficients of reflection and refraction at a plane interface between 
two layers, are summarized in,Appendix A. 
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2.2. The Mathematical Relationships of the Model 
The use of lumped parameter models for the formulation and 
solution of initial and/or boundary value problems of solid media in 
t~o or three space dimensions, is mainly due to Ang (1,2,3,4,5). The 
basic lumped parameter model of an axially symmetric solid can be 
described symbolically as sho~n in Fig. 2. 
The underlying discrete model can be developed by properly 
concentrating the masses of volumentaleletnents of the continuum at 
appropriate mass points, (see mass point 1, Fig. 2), and defining 
average strains and stresses for volurnental elements, (see stress 
point f, Fig. 2), at appropr~ate stress points. Displacements, 
velocities, and accelerations. are defined for such a model at the mass 
points, while strain tensors and stress tensors are defined at the 
stress points. Effectively, the material in the, volumental element 
corresponding to a stress point is in homogeneous states of stress 
and strain. 
The components of the strain tensor at an interior stress 
point,. point "c" for example in'Fig.· 2, can be derived from simple 
geometrical arguments, as ~ollows 
c 
u2 - ul 
E = 6r r 
c 
u5 
Ee = 
r5 
Vi4 - w c 3 (2.8) 
€ = z 6z 
16 
'Y c C 0 Ire ,= r z8 lIIII 
where u and w denote the displacements in the radial and vertical 
directions, respectively, and rS denotes the radius at point·5. It 
is clear that the relations of Eq. (2&8) are central finite difference 
analogues (at point c) of the following strain components L~ the 
theory of small deformations, 
c =~I € r c 
c 
= ~I €e 
c 
£c =~I z c 
c dill . dill 1'rz' == (dz" + dr ) 
c c 
and c l' ze 
c 
== ., 1"e = 0 
Figure , shows a volumental ele~ent ot an interior mass 
point 1. 'Considering the tlynamical equilibrium of thil element 1ri 
both the 1"'" and z .. direct10ns,' the equat10nli of motion (in the absence of 
body torces) are: 
c a 
",e 
' f 1 1 ' 
fJ ... f:I 
-'" 
a
r .... fJe d2U1 r r + 1"1.. 1"1.. + 6r ~ ,f.i . B p. ae2 
(2 .. 10) 
"fO ",8 t:/~ ... at 1'1 2 1 
and 1"1.. 1"1.. ... 1.. 1.. 'rz .£:::!.: 6r & ... -I!B P 2 r l 'at 
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where p is the mass density of the material at mass point 1, 6r and 6z 
are the mesh sizes in the radial and vertical directions, respectively. 
It should be observed that by virtue of symmetry, 1 1 1 rJ , O'e and ". are r rz 
actually equal to d d d of stress point d or b. The terms 0' r' - (Je and l' rz 
in Eq. (2.10) are again the central finite difference analogues (at 
point 1) of the corresponding terms in Eq. (2.1). The equations of 
motion for interior mass points} and special equations for points on a 
surface boundary, points on the axis of symmetry and others are given 
in Appendix B. 
\\-
The significance of the above model may be observed as follows. 
The model is developed on the basis of defining certain average physical 
quantities of the co~tinuum at a finite number of discrete points. 
On the average, therefore, the model can be expected to have the same 
properties as the idealized conti.nuum. Moreover, the equations of 
motion of the model, which can be derived using stmple principles of. 
mechanics, are shown to be central finite difference analogues_ of the' 
equations of the continuum. On this basis, the mathematical theorems 
concerning finite difference schemes, such as convergence and stability 
may-be used or similarly developed for the equations of the model. 
The resulting equations are also of a form that is immediately adaptable 
to electronic computations. 
2.3. Boundary Conditions. 
The two types of boundary conditions, namely, stress and dis~ 
placement boundary conditions,-are readily defined for the model. These 
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can be done by specifying the stresses and displacements at the 
corresponding stress and mass points that are on the boundar,yo 
203.10 Stress Boundaries.--In general} the applied stresses on a 
boundary are resolved into components normal and tangent to th~ boundary. 
The normal component is e~ual to the vertical or radial stress for a 
horizontal or vertical surface boundary) respectively) whereas ·the 
tangential component is e~ual to·the shear stress applied on a surface 
boundary. 
In the process of a numerical solution any stress boundary 
condition is included in the e~uations of motion of the appropriate 
boundary mass point. 
203.20 Displacement Boundaries. -~; A displacement bounda,ry con-
ditionis defined by specifying.the re~uired components of displace-' 
ments of the mass points on the boundaryo Such. boundary conditions are 
included in the strain-displacement relations for the appropriate 
stress points. 
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3. CONSTITUTIVE RElATIONSHIPS 
3.1. Behavioral Characteristics of Solid Materials 
.'When a material f?_p~cimen is stressed insimI'le tension, its 
mechanical behavior is described graphically by the stress-strain 
curve. Although the actual shape of the stress-strain curve depends 
on the material being tested, certain features are common to all 
engineering materials. 
In general, at low, 'levels of stress" many. materials possess 
to a certain extent the property of linear elasticity, i.e.~ the 
relationsh~p between stress and strain is linear and reversible. At 
higher stress levels the relationship becomes nonlinear and irreversible 
or inelastic (21,36,.38,45). The transition between the elastic and 
inelastic ranges of behavior may: be gradual as in Fig. 4 'or abrupt as 
in .Fig. 5. In the first case, the elastic limit is a matter of con- . 
vention.whereas the abrupt transition. in the second case indicates a 
definite change·in the underlying physical phenomenon. If the specimen 
is unloaded from C (s ee Figs .. 4 'and 5) a pa th such as CDE is followed. 
In genera~ for any stable material the stress is a ,mono-
tonically, increasing function of the strainj this behavior is known as 
work-hardening. In order to simpl~fy the problem mathematically and 
still retain the basic property of irrevers.ibility or inelasticity of 
a material, the ~resent study assumes an elastic-perfectly plastic 
medium. 
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3.2. Elastic-Perfectly Plastic Materials 
A perfectly plastic material is one that does not exhibit 
work-hardening but flows plastically under a constant yield stress. 
In simple tension or compression the mechanical behavior of such a 
material is represented by the stress-strain diagram of Fig. 6. In a 
polyaxial state of stress, the same property is described in the theory 
.of perfectly-plastic solids (14,15,21,38), which is based on the fol-
lowing assumptions~ 
(1) The influence of hydrostatic pressure on the yield stress 
is negligible, and that the plastic or permanent change in volume is 
small. The plastic component of the mean normal strain, therefore, 
vanishes 0 
(2) The yield or loading surface in the stress space is 
fixed; or f( cr .. ) = k2 , a constant.. In the present study the von Mises 
~J 0 
yield criterion is assumed to determine' the initiation of yielding, 
where f(cr .. ) is the second invariant of the stress deviation (,J2 ) and ~J 
~is the yield limit in simple shear. 
(3) The stress-strain relations in the post-elastic (plastic) 
range is described by an associated flow rule. In the present study, 
the Prandtl-Reuss equations to be described in Sect .. 3:.3.3, are used 
for this purpose. 
The rate of distortional work per unit volume,W, in a 
gerteral'six-dimensional stress space may be expressed as follows, 
w 
where S J S , S J ~ J T and ~ are the components of the stress 
x y z xy yz zx 
.21 
• Ii" Q 
tens or, and ex' ey ' e z' / xy' . / yz and / zx: are the components. of the 
deviator strain rate tensor. The expression of ·.Eq. (3.1) may be called 
the rate of dissipation, and is a definite homogeneous function of order 
one of the strain rates; i.e., W(o:.~) = aw(e) which shows that the 
stress reached at the end of a certain sequence of straining does not 
depend on the time taken to run through this sequence. This implies 
that a perfectly plastic body: is devoid of any viscosity. Moreover, 
this assumption is valid only for slow plastic flow; therefore, any 
rate effect resulting from an impulsive loaaing is neglected. 
3.3. Constitutive Equations With Axial Symmetry 
The constitutive relationships for 'a perfectly'plastic 
material are extensively available; e.g. Refs. 21 and 38. For the 
purpose of the present study, the-constitutive equations for problems 
with axial symmetry can be reduced 'from the available general relations. 
The stress and strain tensors (T and Et) for an axially 
symmetric solid are as follows: 
:.... 1 (] l' 0 E 
'2/rz 0 r rz r 
T 0 . Et 1 0 (3.2) l' 0: = 2' 'rz E rz z z 
0 0 ae 0 0 Ee 
Each of these tensors may, be divided into two parts, 
,., 
where 
in which 
in which 
s 
T 0 
m 
0 
1 
s = - (0 + 3 r 
s = a 
r r 
s a 
z z 
se = a e 
s 
r 
1" 
rz 
o 
-
-
-
s 
s 
s 
0 
s 
0 
a 
0 
0 
s 
z + °e) 
1" 
rz 
s 
z 
o 
o 
o 
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is the spherical stress tensor (3.4) 
is the "!mean normal stress." (3.5) 
in -the deviator stress tensor, 
are the stress deviators. Similarly, 
(3.8) 
'e 0 0 
Et 0 e 0 , is the .spherical strain tensor, (3.9) m 
,0 0 e 
1 
.... €e)' is the "mean normal strain," (3.10) in which e = - (€ + € 3 r z 
1 
: 1 
e 2" '1 rz r 
and Et 1 , is the deviator strain tensor, = 2" '1 rz e d z 
0 0 ee J (3.11) 
in which e 
r 
e 
z 
E - e 
r 
E - e 
z 
are the strain deviators. 
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The second stress invariant may then be expressed as follows: 
3.3.1. stress-Strain Relations in the Elastic Range.--In the 
elastic range Hooke's law maybe expressed as follows~ 
where ~ and ~ are Lame's constants) which are 
VE E 
(l+V) (1-2v) 
in which V is Poisson's ratio andE is Young's modulus. 
Equation (3.14) can also be written in matrix form as 
follows~ 
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303020 Yield Criteriono--The von Mises yield criterion is assumed 
to determine the initiation of yielding 0 In terms of the quantities 
defined above) the von Mises condition is) 
in which k is the yield limit in simple shearo k = a /~3 where a is 
o 0 Y Y 
the yield stress of the material in simple tensiono In the expanded 
or more conveniently) 
where sl) s2 and s3 are the principal stress deviators 0 
Equation (3020) represents a cylinder as shown in Figo 7. 
The coordinate axes are taken as the principal axes of stresses aI' 
~ 
02 and a3 0 The vector OP represents the state of stress (alJ a2 ,a3) 
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at point P on the surface of the cylinder. ~ represents th.e spherical 
component s = ~ (01 + 02 + 03)' while ~ represents the deviatoric 
component (for point P on the surface, I QP 1 =.[2 k ). 
o 
3·3·3· 2 Stress-Strain Relations in the Plastic Range.--When 3 2 =. ko 
and W (the rate of distortional work) is positive, the material under-
goes irreversible plastic flow 0 .The Prandtl-Reuss stress-strain law is 
assumed to describe the behavior of the material in the plastic range. 
The main postulate underlying this theory is the following: . "During 
plastic flow the rate of change of the plastic deviator strain is at 
any instant proportional to the instantaneous stress deviator." For 
axially symmetric condition, the Prandtl-Reuss stress-strain rate 
relation :takes the following form: 
a 21-1(e - w + 3Ke - s ) r r 2k2 r 
0 
2~(e W + 3Ke 
° 
:::: 
-8 ) 
Z z 2k2 z 
0 
ri-
rz 
I· W _ \ 
= ~~)' - - ~ ) 
rz k2 rz 
o 
. 2 . E 
where K ,= (t.. + '3~) = 3(i-2v)' is the bulk modulus of the materialj and 
a dot over a quantity denotes the rate of change of the quantity with 
respect to time. 
Equations (3.21) may be written in matrix form. as follows: 
where 
and 
in which, 
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(o-} = [AJ . (E} 
(a} (0' JCJe,fJ;'L } r z rz 
. (€) = ( E r' E e ) E z J r rz 1 
r all 19.12 a13 :~~l a 22 an"? [A] = a12 c:,:; cLt 
a13 a23 a 33 a34 
8.14 8.24 8.34 8.44 
all = Kl + K -:K2 • (2C1r -ae-oz )2 
'1 
a12 = - 2' ,IS. + K -.~ •. (20'r-Oe -az) (-Or+2ae -a·z) 
1 
a13 = ... 2 KJ..+ K .... K2 • (20'r-ae-O'z)(-ar -ae+20'z) 
a14 = -3K2 · (Trz) . (2~r-ae-az) 
a 22 = IS. + K - .~{20'e"'O'r-az)2 
. a ;:: -!.K... + K ... ·K (2ae-a -0) (-0 -ae+2a') 23· 2 -~ 2 r z r z 
.S33 =IS..+ K ... . K2(2C1 z "'O'r-ae)2 
~34 ;:: ,.;3~ • (Trz) (2az"'O'r-Oe) 
(3.22) 
27 
K E E K2 = ; 2 
l8(1+V}k 
o 
Furthermore, the strain rates may be expressed in terms of 
the stress rates 
(E) = [B] · (o} 
3·3·4 .. Elastic Unloading and Reloading.--.Whenever J 2 .~ k~ and 
.W < 0, the material is starting to unload from a plastic state. 
Unloading is assumed to be incrementally elastic, as shown in Fig. 6. 
Since the instantaneous stress and strain rates are proportional, the 
time rate form of Hooke's law descripes the behavior of the m~terial 
during unloading and on any. subseque~t reloading . (when J2 < k~, W > 0). 
The rate form of Hooke's law is, 
.r 
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4. NUMERICAL TECHNIQUES 
4.1. Numerical Integration of Equations of Motion 
The numerical approach used herein 'for solving propagation-
problems is similar to that discussed in so.me detail by Ang and 
Rainer (6). 
Assuming that at a generic time t, all physical quantities, 
cons isting of accelerations , velocities, ,displaceme,nts, strains, 
stresses and the appropriate material behavior at all stress and mass 
points are known, the corresponding quantities at the end of time 
, '/ 
t + .6t, where .6t is ,the chos en time increment, may be obtained by 
performing the following sequence of calclllatioris: 
(1) The sequence is started with initial trial acceleration~ 
, ut+6t and wt+.6t equal to those obtaiped using the known components of the 
stress tensor at ti.me t in Eq. (2.10);, i. e., the acceleratiqns at time f. 
(2) Using the calculated acce'lerations the veloci tie~ li t+.6t 
and W·t+.6t, 'and d' 1 t t+.6t, d t+6t bt· d . th lSP acemen s u an ware ,0. alne uSlng e 
following quadrature relations:, 
.t+6t .t 6t c. t .'. t+.6t) u u + - U !.f- U 2 , _ 
. t+.6t .t .6t C.t , .• t+6t) w = w + 2 w + w 
{.6t} 2 
' (4.1) 
t+6t t ~t' lit + .. t u = u + 2 u 
,: t+.6t t 
.6t wt + {6t}2 .. t w = w + 2\ W. 
(3) From the displacements and velocities computed in 
step (2), the strains a?d strain rates, are obtained, and,using the 
appr~priate material equations the stresses are determined. 
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(4) Step (1) is repeated to find the new values of the 
accelerations and the procedure is repeated until the difference in 
the calculated values of u and W 
a given permissible e,rror. "If so, the time is incremented by 6.tand 
steps (1) through (4) ar~ repeated. 
,4.2. ConYergence and Stability Requirements 
This section is concerned with the conditions that must be 
satisfied in order to assure that the solution of the equations of 
motion, which are centeredfinite difference equations, iss. reasonably 
accurate and valid approximation to the solution of the corresponding 
system of hyperbolic partial differential equations. Such conditions 
have been "established for 'some ,linear hyperbolic systems of difference 
equations (12,17,18,19,42). For one dimensional ,stress wave propaga-
tion, Smith and Newmark (44) found that· convergence and stability may 
be assured provided that, 
6t < t:::Jr.. 
- c 
and 
T • c r, 
6x = ---2 
where 6t ~s the- time incre~ent, ~ is the space mesh length, c is the 
dilatati,onal velocity of propagation, and T. ,is the rise time or decay 
r 
~time o~ the pressure pulse. A closer look at the criterion 6t < 6x 
.... c 
known' as th'e Courant c.(~>ndi tio.n, which was, used as a guide for two-
dimensional wave propagation problems in previous studies (4,6,9) reveals 
that'it is indeed adequate, as will, be shown below. 
Solutions of hyperbolic equations are uniquely determined 
by the initial values. An approximation to an initial value problem 
can be constructed by a stepwise seCluence; i.e., one in. which the value 
of the solution at time trt-6t is determined by its value at time tor, 
more generally, at times t, t-6t, ... e.,t ... k6t. 
A difference scheme is called convergent if the solution of 
the difference eCluations·tends to that of the differential eCluation 
with diminishing 6t and 6s {the space mesh]. 
A difference scheme is called stable if solutions for al16t 
of the difference eCluations are uniformly bounded functions o'f their 
. initial data for all t in a given time interval. 
, A convergent· difference scheme is necessarily stable (23). 
Conversely"Lax's eCluivalence theorem (23) states .that, for initial 
value problems of the form 
~t v{t) = L v(t) 
v(O) = vo 
O<t<T 
(4.2) 
where L is a linear operator, stability is necessary and sufficient 
for convergence providedthat~ 
1. the difference eCluations a.pproximate the corresponding 
differential equa.tion} 
2. the boundary conditions are linear and homogeneous, and 
3. the solution depends continuously on the initial 
conditions. 
,The differential eCluations under study,.ECl. .( 2.4), was not 
reduced to the form of EClo (402), hence· Lax's eCluivalence theorem does 
not apply' strictly for the present· solutions. Nevertheless,. the 
convergence of solutions determined with ECl. (2.10) is well illustrated· 
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numerically whenever stability of the difference scheme is 
satisfiedo 
The method developed by von Neumann during World War II (30) 
and discussed in detail by OlErien" Hyman and Kaplan (33) is followed 
in the analysis of the stability of the numerical scheme used herein. 
Essentially" the method expresses the errors of a solution in terms 
of a finite Fourier serieso -The behavior of the errors is then 
examined as time increases such that at t=O" the errors reduce to the 
given series. 
Denoting the errors at the mesh points along t=O and the 
domain 0 ::; r ::; N(6r) and 0 < 6z ::;M(6z ) by) 
where" 
i - 1 i 1, 2, C C 0 -' 2N+ 1 P =--2- = 
q J--=--! j = 1,2, coo ,,2M+ 1 2 
it is possible to express the error-in the displacement components 
as follows) 
E p,q 
N 
I 
n=O m=O 
A 
mn 
e 
Ia p6r 
n 
e 
If3 q6z 
m (4.3) 
in which I· = ~ ; A are constants, - and a and f3 are frequencies that 
ron 
can be chosen arbitrarily .. Since the system of equations under con-
sideration (equations of motion)) are linear difference equations" 
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superposition applies; hence . only one term of Eq. (4.3) need to be 
examined .. The coefficients A "being constants, can be neglected. 
ron 
Therefore for t = s~t > 0 
E = e1ap6r eI~q~ e7t 
p,q,s 
(4.4) 
7~t 
where T).= e . 
. Equation (4.4) shows clearly that the error E will not increase in 
'P, q, s 
time if ,T) \ s. 1. 
The equations of motion derived using the model in ter~ of 
the displacement components u and w can be obtained from· Eq. (2.10); 
this yields, 
and 
piit = A + 2 2~ [u{i-2,j.,k) - 2u(i,j.,k) + u(i+2,j ,k)] 
.m 
+ A+ 2~ [u(i+l,j,k)- l.l(i~l,j ,k)] 
. p6r2 
+ ~. (~(i,j -2,k) ... 2u(i,j .,k) + u(i,j+2,k)] 
.~ 
. +. ~~tL [w(i+l.,j+l,k} _. w(i-l,j+l,k) 
- ·w(i+l,j-l,k) + w(i-l,j .. l,k)] (4.5) 
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pwt = r...+ 221l [w(i,j;.,2,k) - 2w(i,j,k) + W(i,j+2,k)] 
6z 
+ ~ [w(i+l,j,k) - w(i-l,j,k)] 
p6.r 
+ 112 [w(i-2,j,k) - 2w(i,j,k) + w(i+2,j,k)] 
6.r 
+~~~ [u(i,j+l,k) - u(i,j-l,k)] 
r..+Il[( "\ ( ) +. 6.r6z u i+l, j+l,k; - u i-l, j+l,k 
= u(i+l,j=l,k) + u(i-l,j-l,k)] 
o tot The velocities u and w may be expressed as follows~ 
ot .t-6t 6t (oot oot -6t) 
U=U +2u+u 
° t ot-6t 6t (oot. oot-6t) 
w=w·····+·2 w+w 
Therefore the last two equations of Eq. (4.1) reduce to (32), 
u tn-6t = 2u t _ u t-6t . + (6t}2 tit 
and tn-6t . t t-6t 2 t w = 2w - w . . + (6t) Vi 
(406) 
Now using Eqo (405) in the first of Eq. (4.7), the following equation 
is obtained~ 
p [ 11 ( i , j , k+l) - 2u ( i , j, k) + u ( i , j , k -1) ] . = 
(6t)2 
. f..+
2
21l [u(i-2,j,k} '- 2u(i,j,k) + u(i+2,j,k)] 
6r . 
+ .11 2 [u ( i ,9 j - 2) k) - 2u ( i ) j .) k} + u ( i ,9 j+ 2) k) ] 
.6.z . 
Assuming that each term in· Eq. (40 8) contains errors of the form of 
Ego (4"0.4)) it can be .shown that the error function E also p.,q,s 
satisfies a difference equation of the form of Eq.· (4 0B}0 Thus 
. p [Iap6.r· I~q6.z .. s+l 2' Iap6.r If3q6.z . s 
. e e ~ - e e ~ 
(6.t)2 
= 
. 0. + 2!J. [' .ICX(P-l)6.r It3q6.z s 2 Iap6.r Icxp6.r If3q6.z s 2 e e ~ - e e e B 
6.r 
Ia(p+1)6.rIf3q6.z '.s ] 
+ e e 11 
1 
f" + 21-1. C' Ia(p + ~)6r If3Cl6z s 
+ 2· e e 11 
. p6.r 
Ia(p - -21 )& If3q6.z sJ 
- e e ~ 
+ 
11 [ICXp6.r· If3 (q -1]6.z s 2 Iap6.r If3q6.z s 
~ e e 11 - e e ~ 
.6z 
: Iap6r If3(q+l)'6.z . sJ 
.+ e e 11 
1 11 - 2 + 
11 
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Ia(p -l)6rI~(q + l)6z s 
-e2 e 2 11 
Ia(p + -21)6r I~(q - -21)6Z ,S 
- e e Tj 
+ e1a(p - ~)6r eI~(q - ~)6Z Tjs] 
Ia6r 
e 2 + e ... Ia6r 4 . 2 a6r = - Sln "2 and 
Ia,6r 
2 
'6r 
-Ia--2 ' a6r 
:::: 2:1 sin "2 e - e 
Equation (4e9) then becomes) 
~-p • (1-1))2 --l4(t-.+2g\ . 2 a6r 4fl ,2f36z 
- lSln - - - Sln -(6t)2 11 Lll~2 2 ,6z2 2 
(4e10) 
By the same token Eq. (4.6) and the second of Eq. {4.7) can be shown to 
yield) 
.P 
(6t)2 
2 (1=1) ) 
Tj l-4 
(1\+2~) 
·2 6z 
.. 2 . ~6z 4~ .. 2 a6r Sln .- - - Sln .-
2 .6r2 2 
. a6r . ~6z~ Sln - Sln -2 2 
[; 
2~ . aLI' . (1\.+ ~) . (36z~ 
+ I . -.' 2 sln 2 + 2 6r6z sln 2 p6r p 
(4.11) 
Equating the corresponding real and imaginary parts of the right-hand 
sides of Etlso (4010) and (4.11), 
and 
. 2 c:x6.r Sln 2 = (&)2 • 2 P..6z sin ._1-""- _ 6z 2 
. CJ.6r 6r .' ~6z Sln - =.- Sln··-2 .6z 2 
Substituting either of Eqo (4012) or (4013) in·Eq. (4.10) or' (4.11) 
yields an etluation of the form, 
·2 
fj - . 2T1 B + 1. = 0 (4.14) 
It can be shown that substituting Eq. (4.13) in·Eq. (4.11) yields the 
maximum modulus of B; specifically in this case 
where, 
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For large radii, i. e. as p -)- CXl 
1 2 2 . 2 ~6z B -)- -' K s In 2 
In this case, the solutions of Eq. (4.14) are, 
A / 2 I 
B + 'V B-1 , and T) 2 
. which shows that for B < -1, I T)21 > 1; hence instability occurs. 
However, for -l~ B ~ 1, or B2 ~ 1, 
(4.15 ) 
and I Tj I. = 1. This shows that for large radii, Eqs. (4.5) and (4.6) 
are stable for -1 < B < 1. The only useful inequality is 
i 0 e. , 
-1 < B 
-1 .. < 1 _' 2 2 . 2. ~6z K Sln 2 
From which, K2 < 1 
or, 
The stability criterion of Eq. (4.16) is the same as that for the 
propagation of plane motions as derived in Appendix C. 
(4.16) 
On the other hand for points near the axis of symmetry, B is 
an imaginary variable. 'A numerical evaluation of the modulus of B for 
values of K ranging from O.Ot:o O. 9 shows that fBI :s 1, Fig. 8-a. Also' 
stability of the difference equations (4.5) and (4.6), requires that, 
It can be shown that the above inequality may be expressed as follows: 
. _. --..~ - .-.. - - '"1 
/11 =\ (F2 + G) -:t. 2F JG cos (81 - 82 ) :S 1 
in which, F2 
r 
i (1 2 2 0 2 ~.6Z)' 2 Co a' 2 0 ~.6z . 2'i K Sln --- + -- K Sln ---2 ) 2 2p 
-, 4 IF - 2 -, 2F cos281 + ~ , 
tan- l f"( a 2. ~.6z) 81 ,. 2p K Sln 2 
and 82 = o. 5 tan -1 1-(F 
2 
s in28 1 ) 
i 
/ (1 2 2 0 2 ~6Z')-:1 - K Sln --2 -
The modulus of 11 is evaluated numerically for different values of K, a 
and p (Figs. 8b and 8c). Figures 8b and 8c' show that one of the roots 
of Eq. (4.14) has a modulus greater than 1.0 for finite values of p. 
This means that errors·in- the finite difference approximation will grow 
wi thout bound, and therefore, stabil.i ty cannot be a.ssured for extremely 
long calculation times. However, for finite calculation times, an 
approximate stability condition may be obtained by observing from 
Figs. 8b and 8c that for K ::; o. 5 the maxim1\illl modulus of 11 for a = 1.0 is 
not very much larger than 1. O. Thp.s the appropriate time increment 
should be: 
(4.17) 
In the present study, this stability condition is used in conjunction 
with an,artificial viscosity term, which appears to have some beneficial 
influence on the stability ,condition. Althouth the modulus of 11 is 
infinite for p = 0, numerical results shown in Fig. 52 proved to be 
practically' stable for time increments that satisfy' Eq. (4.17). 
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4.3. Computation of stresses 
Once the displacements and velocities at a given point are 
obtained from the solution of E~. (4.1), the strain or strain rate 
components. and stress or stress rate components of the respective 
tensors can be computed using the total stress tensor at the end of 
the previous time (prior to the present time increment) II .. The appro ... 
priatematerial equations to be used during. the additional time 
increment J therefore J .are determined at the beginning of the new, time 
. increment. 
·For a given stress point, such as point c of Fig. 2, the 
elastic, plastic or unloading stresses maY,be calculated as shown 
below. 
4.3.1. Elastic stresses.--Using·Eqs. (3.16) and (2.8), elastic 
stresses· at point c are immediately obtained. 
·4.3.2 .. Initiation of Yielding.==At the end of a .new. time .increment 
or at time t+6t, the criterion.is checked for initiation. of yielding at 
the given st:r.ess .point . A small toleran'ce, 5, is chosen in terms of k2 
o 
2 2 
as a permissible error j . i.e., J 2 ... ko = :t Ok
o
" If after a.dding a 
t~e increment ~t, the yieldcriterionJ2 - k~ may give a value greater 
thsnt +O·k2.,. the time. increment ~t is reduced to 6t' where (t+6t I ) 
o 
indicates.the.time corresponding.to the initiation of yielding. ·As an 
approximation' the modified.time:increment L:t.t' maY,be obtained.by linear 
interpolation. (6), (see Fig. 9), as follows: 
where, 
6t~ 
,yt = Jt _ k2 
c '2 0 
yt+6t 
c 
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(4.18 ) 
4~3.3. ,PlasticStresses.--A stress, point is said to be in the 
plastic range of behavior'if J 2 -k~ = 0 and W, > O.Equation (3022) 
gives the relation between the components of the stress rate vector, (a) 
and those of the strain rate vector (E) which are defined as the time 
derivatives of EQo (2.3). The total stresses at a point may then be 
given by, 
(cr) t+6t (4.19) 
·where (a) and (a} are defined by EQs. (3.16), (3.17) and (3.22) 0 It 
might be clear from Fig. 7 that the ,stress· vector at the end, of a 
finite t,ime, increment cannot remain on the yieldsurfaceo This stress 
, vector, therefore ,must be modified so as to bring it back on 'the yield 
,surface in order'to conform with the assumption of perfect plasticity. 
Ang and Rainer (6) developed a correction procedure -Which has proved 
, to pe Quite satisfactory. The correctiDns on the stress deviators of 
the present problem (in cylindrical-polar coordinates) are~ 
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where 
and ~f2 = J 2 - k~ represents the deviation from the yield surface. 
- -
Hence the corrected components of the stress vector (rr!) are, 
cr' (s - 6s ) + s r r r 
or, a' = a (1 - ~) + ~s r r 
similarly, 
a' = 0' (1 - ~) + ~s z z 
(4.21) 
a Y e = a (1 -e ~) + ~s 
'"[I ='1" (l-~) 
rz rz 
This correction procedure· is valid only for· ~ « ~ (small errors); 
which is generally satisfied if 6t is sufficiently small. 
2 
·Unloading and Reloading.--When W < 0 and J 2 - kO = 0 
a stress point starts to unload from a plastic state of stress. - Again, 
a tolerance + ~5 is allowed. 
w 
o t+6t Therefore wheneverW > -·5 J the 
w 
starting time of unloading tn-6t" is obtained by interpolation to find 
the time increment 6t il at which'W = O. A derivation similar to that 
aLl 14'- II, lQ \ --.! eld-.L .uY.. \ '-t 0 UJ Y i. I::i ~ 
6t il o 6t (4022) 
Equation: (3.26) ,is then used to determine the components of the stress 
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rate vector during unloading" (or reloading) and from which the total 
stress vector Ccr}t+6t is determined by using E~. (4.19). 
_4 .. 4. Calculation ofStresEle$at Spec_ial Boundaries 
The stresses of stress points on the boundaries re~uire 
special treatments different from those descTibedinE~so (2.8), (3.16), 
4.4.1. Surface Boundaryo--For the horizontal surface shown in 
Fig. 10, the boundary conditions are given by: 
(4.23) 
o 
Taking these conditions into account, the strain components of a stress 
point g on the surface, Fig. 2 may be given by: 
g 
I'rz 
= 
~9 - ulO 
6r 
o 
(4.24 ) 
In the elastic range ,.the stresses may be obtained through, E~. (3.16); 
thus, 
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E = [a - /\(E + Ee)J/(/\+ 2hL) 
z z r 
a 
r 
(4.25) 
Whereas in the plastic range, Eqo (3022) can be used to determine the 
unknown stress rates a
r 
and Cre as follows: 
E [ Cr
z - (a13Er + a23Ee)1/a33 z 
0 [allEr + a12.Ee + a13Ez J (4026) ar = 
ae = [a12Er + a22E:e + a23 EzJ 
where the coefficients a are determined by Eq.· (3.23). The total 
mn 
stresses are then obtained by using Eqo (4.19) 0 
The stresses during unloading are computed by using Hooke's 
law in the rate form. 
4.402. Axis of SymmetrYo--Strain-displacement relations for a 
point on the axis of symmetry such as point a, Fig. 11, are: 
a u4 E 
= 6r/2 r 
a a 
Ee E r 
(4.27) 
a 
wl - w3 E = 6z z 
-a 0 Irz 
¢'-. 
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Computations of stresses· in the elastic, plastic and unloading ranges 
are described in Sec. 4.3. 
4.4.3. Interface Between Two·Layers.--Figure12 shows an inter-
face between two layers of material A and BD Assuming that the layers 
are in "welded contact," the boundary conditions to be· satisfied are: 
// 
A B A B 
. ul = ul wl = w ·1 
/ (4.28 ) 
A B I A B 
( cr:) = ( cr:·) \rra ) = (rr~z) \ ... .rz 
The radial and tangential strains at stress point a, Fig. 12, can be 
obtained directly: 
a 
E 
r 
-·u-
a a 
E =-e r 
a 
(4.29) 
The other non-trivial strain components E and "/ at the interface 
z . rz 
must satisfy the above boundary conditions. 
In. the elastic range the stresses CT
z 
in the· two layers at the 
interface are: 
A ("'A' + A "'A (Er Ee) crz = 2!..l.A )E Z + + 
(4.30) 
B ("'B + B "'B(Er + Ee) crz 2/J.B)E Z + 
Since A B a relation between A and B obtained; thus crz = crz , E E may be z z 
B E+ 
Z 
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Moreover from Fig. 12, the total elongation at stress point a may be 
expressed as 
Equations (4031) and (4032) yield, 
and 
where, 
EB _ 1 I( 1+ m - X.,) 0 E 
Z m L' '.l.' Z 
E 
Z 
w4· - w 
.3 
1 
2 (6zA + 6zB ) 
(1 + m) (/\B + 2flB ) 
(4.32) 
Hence) the normal stresses at a stress point aon the material inter-
face are: 
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and 
where, 
Crr and :(Je are the average radial and 
tangential stresses, 
A (AA + 2~A )E-;+ AA (Ee + EA) a = r z 
B (AB + 2~B)E- '+ /l.B(Ee + EB) crr = , r z 
A (/l.A + 2~A )Ee + /l.A (Er + EA) cre z 
and B (/l.B + 2~B)Ee + /l.B (Er + EB) cre = . z 
The e(luality of the shear stresses in the two layers at the material 
interface yields, 
where, 
A .dw (~)A /rz = dr + 
and B dw (dU) 
'/rz = dr+ dzB 
dU dU) in which (dZ)A ~nd ~dZ B are as defined in Fig. 13, 
dU ) (dz A 
(~)B dU ) (-s- -'0: oz B 
(4036) 
(403T) 
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du dw From Fig. 12, dz and Or at stress point a can be expressed as follows: 
and 
dw wl - w2 dr:=. 6:r 
Moreover, for small displacements, the relation between aA and aB is, 
Equations (4.36) through (4.40) then yield, 
'T 
rz. 
(1+ m)~A~B 
ml-LA + ~B 
. Y
rz 
(4.40) 
(4.41) 
where, 'T is the shear stress at a stress point a on the material 
rz 
interface, and 
In the plastic range, the stress rates at the interface can 
be obtained with the relation, (cr) = [A](E), in which the elements of 
ma trix. [A J are determined by Eq. (3. 23). The boundary conditions at 
the interface or Eq. (4.28), must be satisfied. Consider first the 
condition, 
(4.42) 
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where 
(4.43) 
and 
From Eqs.· (4.33) and (4.37), 
.B (1 + 1:) 1 .A E = E - - E Z m z m z 
(4.44) 
"1\ . CxA Irz = Irz + 
.B . 1 0 
and 
./rz = Irz - -ex ill A 
Therefore, Eqs.· (4042) through (4044) yield the followingequa tion for 
oA 
aA and Ez ' 
where, 
and 
.E 
r 
= 
, (4.45) 
(4.46) 
u -. u 
. 1 2 
6r 
o 
E 
Z 
U 
a 
r 
a 
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Next consider the shear stress rate at the interface, or 
where J 
and 
EQuations (4.44), (4.48) and (4.49) yield the following second 
·A 
eQuation for aA and E z ' 
where, 
(4.48) 
(4.51) 
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arid E
r
) E
e
) E and yare as determined by Eq. (4.47), Solving 
z rz 
Eqs. (4045) and (4.50) simultaneously, 
.A D3D5 - D2D6 
E 
D1D5 - D2D4 , z 
(4.52)-
and 0 D1D6 - D3
D4 
aA D1D5 - D2D4 
Therefore, er = t = erB can be obtained from Eqs. (4.43), (4.44) and 
z z z 
(4052). Similarly T ;,;A TB is obtained using E~s. (4.49), 
rz rz rz 
(4.44) and (4.52)0 Also the average radial and tangential stress rates 
are: 
and 
.A.B.A .B t 
where, a
r
, a
r
, ae and ae are de ermined by E~. (3.22) and Eqs. (4.44), 
(4.47) and (4052)0 Once all the components of the stress rates 
(crl~;cr8; .. cr~anaT;~}are deteriiiiriediisdescribeda:.b6Ve,thet6taT 
stresses are determined using Eqo (4.19). 
Since unloading is assumed to follow. the rate form of Hooke'.~s 
law, the stress rates at the interface can be obtained directly as the 
time derivatives of the corresponding stresses derived for· the elastic 
range. 
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4050 Transmitting Boundaries 
It should be clear that with the discrete method of analysis 
used herein, the spatial domain of a problem must necessarily be 
limited. When a problem involves infinite regions, these must be 
terminated with appropriate boundaries so that no reflections occur 
at the b01.illdaries. 
In the present study, such a If transmitting boundarylf due to 
Ang (paper under preparation) is used; for _~_nstance, to terminate the 
lower boundary of a half-space. 
4.6. An Artificial Dissipative Mechanism 
Richtmyer (42) mentions that fluid flows are frequently 
characterized by internal discontinuities (such as shocks), and for 
multidimensional problems in fluid dynamics, there exists a kind of 
instability in the sense that small irregularities, (which are bound to 
exist in a numerical solution), can become highly magnified in a rather 
short time. This is an instability of a physical nature and no degree 
of refinement of the difference mesh appears to have any beneficial 
effect. This type of instability seems to occur at an interface in 
the present problem. Although the radial and vertical displacements, 
as well as the vertic'al and shear stresses) are continuous across an 
interface, the radial and tangential stresses are discontinuous. 
Figure 14 ill1...lstrates S1ICh an instability for the vertical stresses at 
an interface. 
In order to get around these difficulties, von Neumann and 
Richtmyer (30), introduced the use of a dissipative mechanism, such as 
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viscosity which has a smoothing effect on a discontinuity. For example, 
for the classical one-dimensional wave equation, a dissipative term 
can be introduced such that it becomes, 
where, q is the pseudo-viscous stress given by.(30), 
q 
~. 2 
£ 2(ou) p dx 
(4. 54) 
in which £ = a·6x, and a is a dimensionless viscosity coefficient to be 
determined by trial and error '(42). 
Moreover, it was shown that the presence of the artificial 
viscosity term does not affe~t the stability condition of the original 
difference equations (42). 
For the present study, linear artificial viscosity. terms are 
introduced into Eq. (2.1) as follows, 
where, 
£ r /\~ (eu). = p WI. Or 
o I /\~ (ow) 
= p.x. w:L". dZ" 
(4.56) 
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and £ f ; r · cd ' in which r is a dimensionless viscosity coefficient. 
Values of r ranging from 0.15 - 0.60 appear to be sui table for .the 
present problem. 
As a consequence of Eqa (4.56), the accelerations:ul and wl 
derived fram E~. (2.10), (Fig. 2), must be modified as follows: 
•. 't+ts.t .... t+6t oUl ul = u l 1-
... 1 t+6t •• t+6t 
OWl wl = wl + 
(4.58 ) 
where, 
o;:.·U0
1 
1.! Co • .-) 
u = Ar· u2 . - 2li1 + u7 t 
OOW"l,t f (. • .) 
= 6z w8 - 2Wl +. w6 t 
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5. ILLUSTRATIVE PROBLEMS 
5.1 .. Introductory Remarks 
The emphasis of the present study is on problems of stress 
wave propagation in layered media for Which analytic solutions 'are 
extremely difficult to obtain. 'The purpose of the problems described 
in this chapter can be summarized in the following: 
(a) to study the time histo,ries of displacements, accelera-
tions and stresses in a layered half-space subjected to directly, 
applied b.last pref3surepulses, and to sinusoidal pulses. 
(b) to study the effect of relative stiffnesses of the 
layers on stresses, displacements and accelerations throughout the 
half-space. 
(c) to illustrate and yerify the converg~nce of solutions; 
and the stability of the numerical ,scheme used in the present study .. 
5.20 Half-Space Subjected to Applied,Pressures 
The half-space and the loading region ?ore shown in Fig. 10. 
This problem m~ybe divided into two sections according to the nature 
of the pressure pulses. 
5.2.10 Blast Loading. --The blast pressure pulse is shown in 
Fig. '15. The material of the different layers of the half-space shown 
in Fig. 16, is assumed to be elastic or elastic-perfectly plastic, 
whereas that of the half-space shown in Fig. 17 is assumed to be elastic 
only. The shear strengths of the elastic-plastic material in the first 
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aqd second layers' a:re a's.sume~.' to.be,i.,respectively, 
'k = 0.15 ksi 01 
kO = 0.30 ksi f 
2 
whereas the material of the bottom layer is assumed to remain elastic. 
Consider the first set of results for the layered half-space 
shown in Fig. 16. These results are presented in Figs. 18 through 24, 
for the following materia.l consta.nts: 
888 kSi,'E3 = 2465 ksi 
2500 fps, Cd 
2 
6000 fps, Cd = 10000 fps 
3 
p v = 0.26 
and were obtained with the following space and time meshes: 
62;1 = 20 ft, 
6.r = 40 ft, 
.6.z = 30 ft, 
,2 
6t = 0.75 m.sec. 
= 40 ft 
The results indicate that plastic yielding of the softer top layer led 
to higher magnitudes of displacements and lower magnitudes of stresses 
than those of the corresponding elastic material. Figure 20 ,shows 
that the elastic vertical stresses at a point on the first material 
interface' oscillate as a result of reflections from the surface and 
,the second material interface. These oscillations occur also at the 
second interface, although these latter oscillations are not as severe 
as those occurring at .the first interface, since there are no reflec-
tions fram the, transmitting boundary_ ,Figure 23 shows the propagation 
of the yield zones with, time. 'It indicates.that at a time:t = 63 m.sec., 
the zone reaches its maximum size. 
A space plot of the variation of the maximum vertical dis-
placements with depth is shown in Fig. 24. The magnitudes of' the 
displacements are reduced greatly with depth and also with the stiff-
ness of the layers. 
Results for the homogeneous half-space with.El = E2 = E3 = 
2465 ksi, are shown in Figs. 25 and 26. They show clearly that for a 
point on the axis of symmetry and at the second. material interface, 
the magnitudes of the peak vertical stress and peak vertical displace-
·ment for the homogeneous case are lower than those of the layered 
half-space. 
The second set of results for the layered half-space shown 
in Fig. 17, are presented in Figs. 27 through 37. In this case, 
El =25 kSi,E2 = 55 ksi, E3 = 155 ksia 
cd = 1000 fps, cd 1500 fps, cd = 2500 fpsa 
1 2 3 
p = 140 ksi,. V == 0.26 
621 == 4ft, ~2 == 6 ·ft, 623 = 8 .ft. 
6I == 6 ft, 6t = 0.75 masec. 
Results for a homogeneous problem with El = E2 = E3 = 55 kSi, are also 
shown (dotted) in Figs. 27 through 34 .. It is evident from these results 
that the magnitudes of the vertical and shear stresses for the homo-
geneous half-space are invariably lower than those of the layered 
half-space at the material interfaces. However, the magnitudes of the 
) vertical displacements for the homogeneous case are higher than those 
I 
! 
of the layered half-space at the second interface and lower at the firs)~ 
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interface 0 This is readily explained by the fact that the top layer is 
the softest while the bottom layer is the hardest, A comparison between 
this second set of results and those of the first set (Figs. 18 through 
24) reveals that the magnification of stresses at the material interfaces 
of the first set) Figs 0 18 through 24) is much more pronounced. This is 
because of the fact that the ratios of dilatational shock speeds between 
the layers are 1.0~204~40o for the first set, whereas the corresponding 
ratios are 1.0:1.5~2.5 for the second set of results. The coe£ficients 
of reflection and transmission are, therefore, correspondingly different. 
From the study of the above sets of results, an empirical 
relation between the coefficients of artifici.al viscosity used for each 
layer and the dilatational speeds of the corresponding.layers may be 
stated as follows~ 
where, 
and r3 is between 0.40 and 0.60. 
This relation proved to give results that ade~uately eliminates the 
instability caused by the discontinuities at the interfaces between 
the layers. 
5.2020 Sinusoidal Loading.-~The continuously applied sinusoidal 
pressure pulse is shown in Fig. 380 Results for the layered half-space 
of Fig. 16, are presented in Figs. 39 through 45, in which the. 
results fOJ!'the cOrres,ponding hamog.ene:.ouse,lfl,stic half..;,spac.e with 
E =~465' kSi, are· alsoshoWl1'1l 
Results for the layered half-space shown in Fig. 17, are 
presented in Figs. 46.through 51 together with those of the homogeneous 
case for E = 55 ksi. The observations made on the results of Sec. 5.2.1 
also .hold true here. Moreover, it may be observed that the magnitudes 
of the stresses at the interfaces are generally higher than those of 
the blast loading. This is particularly true for the half-space of ' 
Fig. 16, where the ratio between the dilatational speeds of the layers 
is 1.0:2.4:4.0. For example, in Fig. 42, the peak· vertical' stress at 
the first material interface is t 3.30 ksi; this may be compared with 
-1.30 ksi for the corresponding maximum stress resulting from the blast 
loading shown in Fig. 20. 
5.3. Effect of Space and Time Mesh Sizes on the Numerical Solutions. 
An elastic homogeneous half-space is used for the purpose of 
studying the effect of mesh sizes on the behavior of the numerical 
solutions. The right side of the half-space is assumed to be confined 
laterally while the bottom edge is provided with a transmitting 
boundary as shown in Fig. 10. The material constants are chosen to be 
as follows: 
Cd = 1600 fps, c = 980 fps. 
. s 
, Two sets of problems were investigated: In .the first set, a 
fixed .space mesh of ~ = 10 ft and. ~ = 5 ft was used with time meshes 
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of' Lit =400, 300, 205, 200 and 1.0 msec. The results for t~e vertical 
stresses at a point on the axis of symmetry are shown in Figo 520 
Instability is illustrated clearly for time increments 6t = 400, 3.0 
and 205 mseco A time increment 6t = 2.0 msec gives rise to weak 
stab ili.ty , while 6t = 100 msec shows almost no oscillations which proves 
that the stability criterion developed in Sec. 4.1 is quite satisfactory. 
·In particular, the derived stability condition requires 6t S 1.10mseco 
In the second set of problems, the ratio of tJ;1e time; mesh 
to the space mesh) 6t~6z~6.rJ is fixed, and the time mesh 6t is such 
. G. 
that it satisfies the stability req:uirement. The vertical stresses 
at a given point in the half-space are compared for different mesh 
sizes as shown in the following~ 
6t(msec) 
0.75 msec 
1000 msec 
1050 msec 
6z(ft) 
3 ft 
4 ft 
6 ft 
6r(ft) 
6 ft 
8 ft 
12 ft 
The results are presented in Figso 53 and 54. These provide an indica-
tion of the convergence of the $olutions corresponding to decreasing 
mesh sizes; thu,s, verifying the convergence of the numerical scheme 
p~esented herein. 
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6. SUMMARY AND CONCLUSIONS 
A numerical procedure for the analysis of ax i-symmetric wave 
propagation inelastic and elastic-perfectly plastic layered media is 
developed. The procedure essentially reduces a continuum to a dis-
cretized system from which a consistent set of equations of motion 
and strain-dis'Placement relations are obtained. The equations of 
motions are integrated numerically using a non-iterative scheme. 
Moreover it is shown that this procedure yields a unique solution when 
the space mesh is reduced. 
From the results shown in Chapter 5, the following conclu-
sions may be drawn: 
(1) Comparing the results, of a homogeneous half-space with 
those of a layered half-space in which the second layer has the same 
properties as those of the homogeneous half~space, whereas the first 
layer is softer and the third layer is harder than the homogeneous 
half-space, the following .may be observed: 
(a) The stresses are inyariably magnified.at the inter-
faces with an intensity that depends on the ratio of the dilatational 
propagation speeds of the adjacent layers. 
(b) The displacements are magnified at the first 
material interface, but are reduced at the second interface. 
(2) The stresses for the elastic-perfectly plastic solutions 
are generally of lower .rriagni tudes than tho'se of the .. elastic solutions. 
This is especially true at the material interfaces. 
" \ 
Since the numerical scheme discussed herein is essentially 
unstable, viscous damping was found to be necessary to suppress the 
exponential growth of errors in "the numerical-solution. 
For artificial viscosity coefficients (r) that range from 
0.15 to 0.60, depending on the dilatational wave speed of the material, 
the recommended time incre.ment to be used is: 
6 t < 1: 6z , where 6z < 6r 
- 3 cd 
The empirical relation of Smith and Newmark (44) for the choice of 
Tr . cd 
space for one dimensional propagation, or 6x < ~----­
T( where T r is 
the minimum rise "or decay time of a pressure pulse, appears to be also 
, suitable for the choice of the space meshes 6z and 6r of axisymmetric 
propagation pr?blems. 
Moreover, the present" study shows clearly the need for 
further investigations if the numerical scheme for axisymmetric wave 
"''/ 
propagation is to be used most eff~ciently; these additional studies 
should include the following: 
(1) The development of explicit stability criterion taking 
into" consideration the use of artificial viscosity terms. 
(2) A study of the behavior of the growth of error te"rms 
wi th t:L.lle .as a function of Lt." Since it was Showll that for axi-
symmetric condition an error term can grow without bound for long cal-
culation t~es, information on the maximwn calculation times 
corresponding to specified 6t prior to the excessive growth of errors 
is of practical interest. 
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APPENDIX A 0 REFLECTION AND REFRACTION OF PLANEWA \lES 
A.lo Introduction 
__ In_the __ 9,1l$~J),G~9:t1:J<?9:Y __ !Orces the equations of motion in a 
three-dimensional space are: 
(Aol) 
~2 d~ d~ da 
oW xz  z 
P dt2 = ~ + CJy + ~ 
where p is the mass density of the medium, u, v and ware the displace-
ments in the x,>y and z-directions respectively 0 , For a homogeneous' 
isotropic elastic mediI;!. the stress-displacement' relations are 
(] 
x 
C] y 
C] 
Z 
l' 
x:y 
1" yz 
"C 
xz 
du 
Ae + 2p, dX 
dV 
= Ae + 2(...L 2Jy 
dw 
= Ae + 2\-L dz' 
dv du' 
= }.L(~ + dY") 
dw dv 
= \-L(dy' + "dz) 
em dw 
= I...L{-. +'-' ) dZ dX 
(Ao2) 
,em dv dw. 
where e = dX + ?Jy + dZ ;LS the cubical dilatation, t... and \-L,are Lam~v s 
constants. 
Equations (A.l) and (A.2) yield the equations of motion in 
tenns of the displacements, 
-.-.... - ... ---- ... - -.---... ----... --.- -2'- _._.- --.------.. -.-.... ----. 
p d u = (A + Il). de + Il if u 
dt2 ex 
._._._.- --.. --- .. _ .. __ .. __ ... -.- .-. _ •.•. _ .....•. _.- .. 
(A.3) 
2 
p d W = (A + Il.) ~z + lJ. if w 
. dt2 oz 
where yF = e
2 
+ e
2 
+e
2 
dx2 .dy2 dZ2 
. The displacements can be expressed in the convenient form. (12), 
(A.4) 
where cp ·.and * (.*1' "'2' *3) are displacement potentials. 
Substituting Eqs. (A.4) into (A.3) and s·implifying, the following two 
wave equations are obtained, 
.i = 1,2,3 
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where cd and C
s 
are defined by E~o (2.7) and represent velocities of 
propagation 0 
A.2. Reflection From a Free Surface 
In general) when a plane wave) whether dilatational or 
distortional) impinges on a plane surface) both dilatation and shear 
waves are generated. Assuming that a wave is traveling in the 
xy-plane as shown in Fig. Aolo The motion is independent of the 
z-directiono Let the solutions of E~so (Ao5) be expressed as, 
cp f(y) e ik(ct-x) (A 0 6) 
~ = g(y) ik(ct-x) e' . 
SubstitutingE~. (Ao6) into the first of E~o (Ao5), 
A ik(ct+ay-x) A. ik(ct-ay-x) cp = Ie + - 2e (A 0 8) 
Similarly, substitutingE~o (Ao7) into the second of E~. (Ao5) yields) 
(A 0 9) 
where) 
Since c is the apparent velocity along the surface, or the distance 
traced on the 
and cd and c s 
the normal KO 
respectively J 
obtained, 
c 
and a = tan e 
surface by the wave front KK' per unit time, 
are the distances traveled by the wave front 
per unit time for the dilatational and shear 
the following relations between the angles e 
c 
s 
cos e· cos f 
b = tan f 
Figo AclJ 
KK! along 
waves J 
and fare 
w The wave number k is defined as k = ~ ) wher~ w is the angular frequency, 
. 2rt:c 2nc 
. d s 
or W = -Y,- = -Y,- , and Y,d and Y,s are the wave lengths of the dilata-
d s 
tional and shear waves, respectivelyc 
Cons idering the case of an incident dilatation wave on a 
free surface, Figo Acloa, the boundary conditions to be satisfied are, 
- 0, [rr ] 0 
xy y= 
2 2 
= ~ ~CP.+ 2!1 (~+~) 
r-" \. 2 dXdy I dy 
o 
o 
Equations (Ac8), (Ao9) and (AolO) yield, 
= 0 
= 0 
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where V is Poisson's ratio of the medium. 
A2 - B2 The'coefficients of reflection, - and - J can be determined from 
Al Al 
E~s. (A .11); thus 
A2 ul - d 2 
A= 1 dl + d2 
B2 d~ 
A= dl + d 1 2 
whe:re , 
dl 
2ab 
= 2 b -1 
d2 = 
(_v_. ) (1 + I-v a2 ) 
1-2vv 
d3 
-2dl d2 
= b 
For an angle of incidence .e = 0 or !I 2 
112 = 0 and A --A 2 - 1 
(A .12) 
Coefficients of reflection for an incident shear wave can be 
.derived in a similar manner. 
,A.3. Reflection and Refraction at an Interface Between Two Layers 
In general, any incident plane wave on a straight interface 
between two elastic layers, gives rise to reflected and refracted 
dilatat~on and shear waves., Fig. A.2. For an incident wave traveling 
inlayer 1, the displacement potentials ~ and 0/ i~ the same· layer are 
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expressed by Eqso (A08) and (A09), whereas those in layer 2 are, 
where 
~i = Aieik(ct+a'Y-x) 
~' = Bi e1k(ct+b i y-x) 
g;-:: a V = tan e' = c,2- 1 
cd 
~2 b' tan f' ' c -1 = 
= c,2, 
s 
/ 
in which cd and c~ are the dilatational and shear wave velocities in 
layer 20 .D..s shown in Sec~ A 0.2), the relation between the angle of 
incidence and the angles of reflection and refraction can be determined 
as follows ~ 
c -
c c' 
s d 
= --- = cos f cos e' 
c i 
S 
which is the well- known Snell i s lawo As suming that the layers are 
in "welded contact,ii the boundary conditions to be satisfied are~ 
[w] = [w i ] y=o y=o 
If the displacements and the stresses are defined. by Eqs. (A02) and 
(A 0 4) ,Eqo (A 015) yield, 
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a(A1 - A2 ) - (Bl + B2 ) = alA' + B', 
2 2 [A(a + 1) + 2~a ](Al + A2 ) - 2~b(Bl - B2 ) 
2 2 [ Ai (a I + 1) + 2~ I a I ]A I .. 2~ I b Y B Y (A.16) 
For an incident dilatation wave, 'Bl = 0, and Eq. (A.16) may be solved 
A B 
for the coefficients of reflection A2 and A2 and the coefficients Of 
I 1 
AI B" 
transmission ~ and ~. Furthermore, if the angle of incidence is 
1 I 
e = ~" i.e. normal incidence, Eq. (AoI6) reduce to, 
B = 0 2 
BI = 0 
In this latter case (e = 1(/2), the coefficients of reflection and 
transmission are, respectiv-ely, 
2pc l AI d 
Al = p' Cd' + p' c d 
Coeffl,cients of reflection'and transmission for ,an incident shear 
wave can be derived in a similar manner. 
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APPENDIX B. . EQUA.TIONS OF MOTION 
B.l. Interior Mass ·Point 
The volume of a mass point shown .in Fig. :; is 
1 (6V = 4' r~e6r~). It is assumed that the effective area of a generalized 
spring is equal to the volume over its length . 
. Therefore , 
acts 1 FR on an area of 4" :rt1686z 
Fe acts 
1 
on a.narea of 4" tsr6z 
acts 1 FZ on an area of '4 rtl 6rt8 
acts on an of 1· 8ZR area. '4 r'l6rt13 
8RZ acts 
1 
on an area of 4' r.1686z 
where r, ls·the radius at mass point 1. Considering dynamical 
..1.. 
equilibrium of the volume element in the t.-direction, . leads to, 
where, 
;m = mass of yolume'element 
Fc c R = a r 
1 
a 0 e 
(B.l) 
.(B.2) 
(Bo3) 
e 'e 
SZR = 1"rz 
(B.4) , 
Next, the dynamical e~uilibrium ,in the z-direction is 
which yields, 
cal 
-r - 1" 1" 
+ rz rz + ~ = •• ----6r~-- pWl r l 
(B.6) 
Equations (B.4) and (B.6) represent the e~uations of motion of mass 
point 1, Fig. 2, in the radial and vertical directions, respectively. 
B .. 2. ,Po.ints on the Surface Boun,dary 
Points on the surface boundary, have different equations of 
motion, as shown below. 
B.2.l. Intermediate Surface Points. --A surface mass point is shown 
in Fig. B.l. The dynamical equilibrium in the radial and vertical 
directions are, respectively, 
1 
=-m·ti 2 1 (B·7) 
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(B.8) 
Taking into consideration that) 
Fe acts on an area of ! 6.r6z 8 
FZ,PI acts on an area of 
I 
'4 r!:::.B6r 
acts 1 SZR on an area of 4' r6e6r 
.acts I SRZ on an area of '8 r6e6z 
Equations (Bo7) and (B.8),· therefore, yield the equations of motion in 
the radial and vertical directions , respectively, as follows: 
where 
b a 
(J - (J 
r r 
k 
1:' 
rz 
6r + 
1:'c 
rz 
b a k 
1:' - 1:' 1:' 
p 
rz rz + ~ = p • ill wI r l 
Bo2.2. Point on the Axis of Symmetryo--Figure Bo2 shows a mass 
point on the surface and on the axis of symmetryc Since the radial 
displacement vanishes for a mass point on the axis of symmetry, the 
dynamical equilibrium in the vertical direction is given by the 
following: 
(BolO) 
Bo3o Intermediate Points On the Axis of Symmetry 
A general mass point on the axis of s~~etry is shown in 
Figo Bo3. Since the radial displacements vanish at the axis of 
symmetry, there will be only one equation of motion) ioe., that in the 
z-directiono Considering dynamical equilibrium in the vertical 
direction, the equation of motion is, 
(Ball) 
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APPENDIX Co STABILITY CRITERION OF PLANE WAVE MOTION 
The e~uations of motion in two dimensional elastic media can 
be expressed in the form, 
2 2 2 d2W 
P 
d.U _ (A, + 2\J.) dU+~dU+ (A, + \J.) dXdy (C .1) dt2 - dx2 dy2 
and, 
d2W d2W d2W d2 p -.- = (f.." + 2\J.) 2 + ~-+ (A, + \J.) ~ 
dt 2 dy dX2 
where u and ware the displa.cement components along the x- and y-axis 
respectively. The same equations of motion derived using the model, 
are: 
00 t pu A,+2\J. [ (' 2 ' k) =. 2 u ~+ ,J, 
6x . 
. 2U (i, j ,k) + u ( i - 2, j , k) ] 
+ ~ [u(i, j+2,k) - 21i(i,j, k) + u( i,j -2, k) ] 
tw 
+ ~ [w(i-l,j+l,k) - w(i-l,j~l,k) 
+.,w(i+l,j-l,k) - w(i+l,J+l,k)] 
OQ t A.+2\J. [ (. . 2 k) 2w (. . k) (.. 2 k)] pw = 2 w ~,J+, - .. ~,J,- + w ~,J- , . 
t5f{. 
+ ~ [w ( i +2, j ,k) ,.. 2w ( i, j , k)' + W ( i.,. 2, j ,k) ] 
. 6x' 
+ ~ [u(i-l,j+l,.l~) .... U(i-l,j-l,k) 
+ u(i+l,j-l,k) ... u(i+l,j+l,k)] . 
(Co2) 
which are central finite difference analogue of Eqs. (C.l). 
Using Eq. (C.2) in the first of Eqs. (4.7), 
e 2 [u(i,j,k+l) - 2u(i,j,k) + u(i,j,k-l)] 
(6t) 
A+~~ [u(i+2,j,k)- 2u(i,j,k) + u(i-2,j,k)] 
6x . 
+ ~ [u(i,j+2,k) - 2u(i,j,k) + u(i,j-2,k)] 
6y 
+ ';;!iw [w(i-l,j+l,k) - w(i-l,j-l,k) 
+ w(i+l,j-l,k) - w(i+l,j+l,k)] (c.4) 
Assuming that each term in Eqo (c.4) contains 'errors of the form of 
Eq. (404). ioe., E , = eIap6x eI~q~~s, it can be shown' that the error p,q,s . . 
function also satisfies a differepce equation of the form of Eqo (c.4). 
Therefore, expressing Eqo (C.4) in terms of the appropriate error 
terms and simplifying, the following.is obtained, 
. 2 
---E- (1-1]) 
(6t)2 .~ 
. 2a6x Sln - 2 
'4 2 AA,~ 
.. ~Sin ~ 
~ . 
+ 4(~) 
.6x6y 
• . CX6x • A/\ ..... ' S1.n - Sln ~2 2 
By the same token, the ~econd of Eq. (4.7) can be shown to yield, 
2 
p (l-'T)) = _4(A.+2~) .. 2 ~ ~ . 2 al:si:. 4(6x4!~+!l )s~·n o:.6x.
2
· ~J.·n ~2 2 Tl ./\"tT2 s.ln. ~2 - )\·~~2. Sln 2 +. -(6t) 'I '-1Y Wh. 
(c.6) 
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Equating the right-hand sides of E<1s. (C.5) and (c.6) yiel~s, 
. 2 a6x (6x) 2 . 2 ~ 
Sln ~ = 6y Sln 2 
Substituting this relation in either E<1.(C.5) or (c.6), the following 
e<1uation for 'Il is obtained: 
2 
'Il - 2'1lB + 1 = 0 
2 6t 2 2 ~ 
iri which, B = 1 - - (--) [(A + 3~) + (A + ~)] sin 2 . 
P t:w -
Solutions of'E<1. (C.7), therefore, are 
As shown in Sec 0 4. 2, stability (} 'Ill S. 1) occurs for -1 S' B S. 1. The 
only useful inequality is -1 S. B, i 0 e .' 
2 6t 2, 2 Akr 
-1 < 1 - p (41') [(A+3~) + (A+~)]sin ~ 
which yields 
, or, 
Since Cd > c
s
' the stability condition is therefore, 6t < 9v 
-../2, Cd 
where 6t is,the time ~ncrement, t:w is the smaller space mesh length, 
and Cd is the dilatational propagatio~ velocity of the medium. 
It should be observed that ,the ,above stability ,condition, 
determined on the basis of an elastic medium, will remain valid for 
an elastic-perfectly plastic medium, .because the plastic velocity of 
propagation is less than Cd. 
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APPENDIX D. OUTLINE OF COMPUTER PROGRAMS 
The computer programs developed for this study are written in 
FORTRAN II language for the use on the IBM 7094/1401 system of the 
University of Illinois .. The main objectives of the programs are 
. versati1i ty, efficiency and minimum input. The· use of sequential pro-
gramming is· necessary because of limitations on the immediate access 
storage on the IBM70g4 computer .. The most involved program is that of 
the problem shown in Fig. 10. The medium in that problem extends to a 
large radius, hence it is necessary to divide it into segments (or 
stages) such. that each of them contains enough mass and. stress points 
to completely absorb the storage capacity of the computer. However, 
based on the argument in Sec. 4.5, the stages have to overlap by one 
. radial mesh length. A detailed flow· chart may be confusing for the 
reader who would like to get a quick idea about the computer program, 
hence a brief description of the program may be more convenient" 
n.l. Description of the Computer Program 
D.l.l •. First Core-Load. --It starts by reading in the input d_ata 
which.constitutes of, 
1. Depth of the bottom transmitting boundary. 
·2. Number of stages and width of a single' stage. 
3. Radial and vertical .sizes of the space mesh and the 
time increment. 
4" The material properties of the different layers of the 
medium (Youngts modulus, PoissonYs ratio and the mass density). 
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5. The different depths of the interfaces between the layers. 
6. Constants that control the output as to what variables 
to present at what times and locations. 
7. Writing on tape 4 the number of coordinates of the mass 
and stress points at which the results are desired. 
It is to be noticed that) since the computer time required 
for such a progr.am is usually considerably long, the program is run in 
installments each of 20 to 40 minutes to guard against needless waste 
of time in case of a mistake. Savemount tapes are used for continua-
-tion of runs and for storage of results pertaining to an assigned group 
of points. Also, this core load is provided with a check for an initial 
or continuation run. If the run is initial) this core· load is processed 
otherwise it is ,skipped. 
D.l.2. Second Core-Load.--This core-load is. skipped for an initial 
run. However) for a continuation run the function of this core-load 
is as follows) 
1. Rewinds tape s' 4 and 10. 
2. Reads in information (continuation results and original 
data), from tape 10 back into core. 
3. Writes the continuation results for every stage back on 
the disk . 
. 4. Skips the necessary records on tape· 4 in order to be 
ready for writing another record of results. 
D.l.3. -Third Core-Load.--This core-load is concerned with: 
1. Initialization of all variables when a stage is operated 
on for the first time, otherwise the initialization process is skipped. 
2. Reads the disk for the overlap results corresponding to 
the present stage into the core. 
30 Calculates the applied loads at any time (T), (or the 
applied displacements), on the surface' boundary of a given stage. 
4. Generates the numerical integration process of the 
accelerations and velocities to get displacements at mass points of 
a g~ven stage. 
D.l.4. Fourth and Fifth Core-Loads.--These core-loads are ex-
clusively for calculating stresses at all stress points for a given 
,s tage. The main programs of these core loads are mere ly for 
organization; assigning the proper material property parameters for 
each point and calling the appropriate subroutines for calculating 
the stresses based on the behavior (elaBtic, plastic or elastic 
unloading) of the material at this point. 
D.l.5. Sixth Core-Load.--This core-load treats the bottom trans-
mitting boundary (Sec. 4.5); and evaluates the accelerations at all 
points using the stresses evaluated from previous core-loads. 
Velocities are also obtained by numerical integration of the accelera-
tions. 
D.l.6. Seventh Core-Load.--It deals-mainly with studying the 
material behavior at each point. A table is constructed for all 
points} the elements of which indicate the state of stress (0 for 
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elastic behavior, +1 for plastic behavior and -1 for elastic unloading 
or reloading). 
-
Eighth Core-Load.--The main function of this core-load is 
arranging output and w-riting on tapes and the disk. These processes 
may be summarized in the follow-ing steps: 
1 
..L. The components of the stress tensor and all the dis-
placements velocities and accelerations and other parameters corre-
sponding to the present stage are w-ritten on the disk. (The storage 
capacity of the disk is divided among all stages.) 
2. Certain control constants are checked for arranging the 
form of the printed output. 
3. 'Whenever the output is required, the results'pertaining 
to the points w-hose number and coordinates were written on tape 4 
(first core-load) are arranged in the form of a one-dimensional array, 
the first element of which indicates the time (T) corresponding to 
this record. 
4. If the last stage is reached or if the stresses at the 
beginning of the present stage are smaller than a given value, the 
one-dimensional array mentioned in step 2 is w-ri tten on tape 4, 
(provided that the control constants governing the frequency of the 
output are satisfiedt). Then the computations for the present time 
level are terminated, time level is increased by' the time,increment 
and the third core-load is called in to start computations again at the 
new- tlffie level beginning w-ith the first stage. 
5. If the answ-er to the Question at the beginning of step 4 
is negative, then the parameter 'indicating the number of stages (ISTAGE) 
is increased by 1. The third core-load is called in to continue the 
computations for the new. stage at the present time level • 
.. 6 •. After_cQmpJ,et:i.on of. GQmpuj~at:ion§ :fo.! 0~1.sta,gE:§. at a 
given time level, a control constant (ATIME) indicating the desired 
actual run-time of the program, which is usually less than. the total 
time on the ID card by 5 to 10 minutes to allow mounting of tapes, is 
compared with the internal clock of the computer. If the clock 
. indicates that the time elapsed is still less than (ATr:~1E), a time 
increment is added to the present time level and the third core-load 
is called in for another time step computations, otherwise subroutine 
TAPOUT is called. 
7. Subroutine (TAPOUT) writes on tape 10 all the erasable-
common that is in the core at the latest time level. Moreover it reads 
the disk. for all the results of all stages at the last time level 
into the core and then writes· it all on tape 10. 
D.l.S. Ninth Core-Load.---It treats the right .... side transmitting 
boundary of the last stage. It is called from the fifth core-load 
for that sole purpose. 
D.2. Output 
Because of the large volume of output for all points and 
for all variables, it is necessary to limit the output to specific 
variables at designated points. Results of points that are of interest 
are written on tape 4, (Sec. 6.1), in the form of a one-dimensional 
array. A program developed by Dr. So Fenves, Professor of Civil 
Engineering at the University of Illinois, is used for shuffling the 
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resul ts written on tape 4 in such a way tha t at each chosen point, 
whether·mass or stress point, all the corresponding variables are 
printed for different time levels. This arrangement makes it very 
convenien~ .. ~52.~~.§-1:y:~_~_~.~~_£~~_~~~?_§-_~_ .. ~. __ g;.i ven point. The· results 
also be obtained through the Calcomp plotter of the IBM 7094 . 
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Appendi x E 
EFFECT OF ARTIFICIAL VISCOSITY 
ON TH E S TA B I L I TY 0 F TH E 
D IFF ER EN C ESC HEME 
It was observed earlier that in view of the results shown in Figs. 
8b and 8t, the differencing scheme' is unstable for axi-symmetric calculations. 
It wi 11 be shown that the same difference scheme becomes conditionally stable 
if artificial viscosity terms are added as in Eq. (4.56) . 
. t 
Expressing the velocities u 
. t 
u 
t t-.6.t . 
= ..;..,u_ ... --.,;u;.;........._ 
.6.t 
and 
and 
. t 
"tv in Eq. (4.57) 
·t 
t t-.6.t w ... w 
w = 
.6.t 
as, 
(E. 1) 
't h e add i t ion a 1 term s t hat are add edt 0 the rig h t han d sid e s 0 f Eq s. ( 4.. 5 ) 
and (4.6) are, respectively, 
2Jqr prcd dr = 6t6r [( u ( i +2 ,j ,k)' ... :2 u ( i ,j ,k) + u ( i = 2, j , k) } 
... (u (i +2 ,j , k ... 1) .... 2 u ( i ,j , k ... J) + u ( i - 2 ,j , k .. 1) } ] ( E. 2a) 
and 
2Jqz prcd . . . dz = .6. t.6. z [ ( W ( I +2 ,J , k) ... 2 w ( i ,j , k) + w ( i ... 2 ,j , k) } 
- {w ( i +2 ,j , k -1) "'.' 2 w (i ,j , k - 1) -+ w ( i .. 2 ,j , k ... 1) } ] 
As a con.sequence of the above terms, Eqs. (4.10) and (4.11) are modified by 
the following additional terms appearing on the right-hand sides of the 
·equat ions: 
. (1 1) 
prcd . 2 c6r 4 - ... . 
.6.t.6.r Sl n -2-' T} 
. (E.3a) . 
and 
1 1 ) 
. prcd 
. 2~ 4(- - .~ sin 2 T} (:t.3b) 

2 
The resulting equations, derived from Eqs. (4.10) and (4.11) by the addition 
of the above terms, can then 6e written as follows! 
where, 
(.6t) 2 . rer. Q .6z 
.6r6z sin -2-s I n f--' 2 
. (6t). 2 rer ] 2rcd 6r. sin -2- (
6t) 2 . oor] 6r sin -2- , 
C 1 _ 4 (6t). 2 OOr 1 = r cd 6r 5 I n 2 
8
2 
= [1 _ 2c
rl
= (6t)'2 sin2 @A
2
· z .. 2c2 (6t)2 sin2 a6r 
_ 6z . 5 6r 2 
_ 2(c2 .. c2) (6t)2 sin rer sin ~z 
d 5 6r6z 2 2 
2 
c 
(6t) . 2 f36z ] + I [.2 (6t) 2 2I' cd 6z 5 In, 2 p 6 r 
2 .2 2 
+ cd .. c 5 (6t) . ~z 
p 6r6z 5 I n -2..... ] , 
. OOr 
sin - 2 
and C = 1 . 4 (6t). 2.~ 2 ... r cd 6z 5 I n 2 
Equating the coefficients C1 and C2 of Eq. (E.4), the following equating is 
obtained: 

3 
Slnce the worst case occur. when !:::.r = !:::.z, th is case is ex.ami ned in the 
f 11 ' 1 u· . rer . ~. h b . o oWing seque. sing sin --2-- = Sin 2 In tea ave expressions, 
B1 and 82 can be expressed in the following forms: 
B 1 _. (x "'" 5) +. 1 y, 
where, 
X = 1 ... 4c2 (!:::.t) 2 . 2 e!:::.z I')n (!:::.t) . 2 @!:::.z d!:::.z sIn 2 ... .u cd !:::.z sIn 2 ' 
and 5 1 (!:::.t) 2 c2 > 0 
= 2p2!:::.z d - fo r p F o. Con seq uen t 1 y I B 21 > I B 11 · 
Hence the maximum modulus of 11 is obtained -from the second of Eq. (E.4). 
Thus, the solutions for 11 are: 
(E. Sa) 
(E.Sb) 
From Eq s • ( E • Sa) an d (E. S b) 
(E.6a) 
and, ( E. 6b) 
Sin ce T) 1 and 112 a re camp lex, 1 et 
then 
where a is a tonstant.· 
From Eq. (E. 6a) , 

4 
2x + 2ly 
C' C 
- (a + -1) co sp + I. (a ... -1) s i ~ , 
a a 
( E. 7) 
C2 2 Denoting (a + --) = b, and equating the real and imaginary parts of Eq. (E.7), 
. a 
2,X 
cosp = .[b' and, ' sin:p = 2y 
.Jb ... 4C 2, 
On the basis of cos2~ + sin2~ = 1.0, 
The roots of the quadratic equation, Eq. (E.a), are: 
2 2' I 2 2 2 2 
'. b 1,2 = 2 (.x + Y + C2) .± 2 \j (x + Y + C2) - 4x C2 
FO.r pos it i ve va 1 ues of 'C2 the rad i cand can be shown to take the form, 
(E.9) 
and therefore is always positive. The radicand is obvio4s1y positive for 
n~gative values of C2 " Since b is always a positive value, the only valid 
root of Eq. (E.8) is b 1" Thus, 
(E.l0) 
and from which the modulii of Dl and ~i are obtain~d as, 
and 
C 
= /-1/ a 
These can be calculated numerically for various combinations of values ofr 
and K; Figs. (£.1) and (E.2) show these results for sin ~ = 1.0 and p= 1.0. 
For a given value of r the curve for ID2/ crosses the line /~21 = 1.0 at a 
certain value of K; this value of K is denoted a~ K for the specified value 
- cr 
of r. The cur~e for IDll is'always < 1.0 as shown in the same figures. Th~s 

5 
means, therefore, that for a given r, stabi lity requires that K< K
cr
• From 
results such as those in Figs. (E.l) and (E~2) the relationship between K 
cr 
and r can· be obtained as shown in Fig~ (L3). 
It might be mentioned that the purpose of artificial viscosity is 
to insure stabi lity of a calculational scheme.without sacrifici'ng the accuracy 
of the results. Therefore, whenever possible a smaller value of r should be 
used in the cal~ulations. For example, from Fig. (E.3) it can be seen that 
for values of r < 0.2 the scheme is unstable and for r = 0.35 the maximum 
value of K is obtained. Hence values of r between 0.20 and 0.35 ought to 
cr 
be used, yielding values of K varying from 0.5 to 0.72, which are equivalent 
cr 
to 
.6.t < 0.35 .6.z· and .6.t < 0.5 .6.z 
..... c 
d - c d 
respectively. 
The values of .6.t used in the calculations described in the main 
part of thi~ report satisf~ the above inequal~ties. 
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